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Important Principle: Locality (X1F9-8)

The tendency to access the same set of memory locations
repetitively over a short period of time

1. Temporal locality (locality in time)

— If an item is referenced, the same item will tend to be referenced again
soon

2. Spatial locality (locality in space)

- If an item is referenced, nearby items will tend to be referenced soon




-
Motivation — Semantically Equivalent Code

Would it be the same in terms of performance?

int sum_array rows(int a[M][N]) {
int i, j, sum = ©;

for (1 =0; i < M; 1i++)
for (j = ©; j < N; j++)
sum += a[i][j];
return sum;

int sum_array cols(int a[M][N]) {
int i, j, sum = 0O;

for (j = 0; j < N; j++)
for (i = 0; 1 < M; i++)
sum += al[i][j];
return sum;

(Demo) Let’s check about it!




-
Motivation — Semantically Equivalent Code

Would it be the same in terms of performance?

int sum_array rows(int a[M][N]) {
int i, j, sum = ©;

for (1 =0; i < M; 1i++)
for (j = ©; j < N; j++)
sum += a[i][j];
return sum;

int sum_array cols(int a[M][N]) {
int i, j, sum = 0O;

for (j = 0; j < N; j++)
for (i = 0; 1 < M; i++)
sum += a[i][j];
return sum;

* Get a qualitative sense of its locality

IS a key skill for a professional programmer!




Writing Cache-Friendly Code



.
Qualitative Estimates of Locality

* Does this function have good locality with respect to array a”?

int sum_array rows(int a[M][N]) {
int i, j, sum = ©;

for (1 =0; i < M; i++)
for (j = 9; j < N; Jj++)
sum += a[i][j];
return sum;




Qualitative Estimates of !‘.eocality ;

* Does this function have good locality with respect to array a”?

int sum_array rows(int a[M][N]) {
int i, j, sum = ©;

for (i = 0; 1 < M; i++)
for (j = 0; j < N; j++)
sum += a[i][J];
return sum;

Hint: Look at the memory
layout of variable a!

a a a
[1] (1] Rkl [1]
[0] [1] [N-1]

d d d
[M-1] [M-1] EEEN [M-1]
[6]  [1] [N-1]



Qualitative Estimates of !‘.eocality g

* Does this function have good locality with respect to array a”?

int sum_array rows(int a[M][N]) {
int i, j, sum = ©;

for (i = 0; 1 < M; i++)
for (j = 9; j < N; Jj++)
sum += a[i][]];
return sum;

d d
(61 G Y
[e]  [1]

d d d
[0] [1] (1] Rk
[N-1] [0] [1]

Hint: Look at the memory
layout of variable a!

a da a a da a

[(M-1] M-11 [m-1]

[2] M1 m-1] |
[1] N-11 [N-1]

[N-1. L0l [e]



Qualitative Estimates of ’I‘.eocality g

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (i = 0; i < M; i++)
for (j = 0; j < N; j++)
sum += a[i][]]; _
return sum; Array layout Is

} row-major order

a a
[1] [1]
[0] [1]

[1] EEEN [M-1] [M-1]
[N-1] [0] [1]




Qualitative Estimates of ;I‘.eocality %

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (j = 0; j < N; j++)
sum += a[i][j];

d a d d
S T TR [M-1] ([M-1] EEEE| [M-1]
[N-1] [0] [1] [N-1]




Qualitative Estimates of ;I‘.eocality ;

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (j 9; j < N; j++)
sum += a[i][j];

d a d d
S T TR [M-1] ([M-1] EEEE| [M-1]
[N-1] [0] [1] [N-1]




Qualitative Estimates of ;I‘.eocality ;

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (j 9; j < N; j++)
sum += a[i][j];

d a d d
S T TR [M-1] ([M-1] EEEE| [M-1]
[N-1] [0] [1] [N-1]




Qualitative Estimates of ;I‘.eocality g

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (j 9; j < N; j++)
sum += a[i][j];

d a d d
S T TR [M-1] ([M-1] EEEE| [M-1]
[N-1] [0] [1] [N-1]




Qualitative Estimates of ;I‘.eocality ;

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (j 9; j < N; j++)
sum += a[i][j];

d a d d
S T TR [M-1] ([M-1] EEEE| [M-1]
[N-1] [0] [1] [N-1]




Qualitative Estimates of ;I‘.eocality ;

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for
for (j = ©; j < N; Jj++)

sum += a[i][j];
return sum;

d d d
[1] [1] ARN [M-1] [M-1]
[0] [1] : [0] [1]




Qualitative Estimates of ;I‘.eocality %

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for
for (j 9; j < N; j++)
sum += a[i][J];

d d d d d

a
[1] (1] REEN [1] REE] [M-1] [M-1] KEEE [M-1]
[N-1]

[0] [1] [0] [1] [N-1]




Qualitative Estimates of !‘.eocality ;

* Does this function have good locality with respect to array a”?

int sum_array_rows(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

Answer: Yes ©

Stride-1
return sum; reference pattern

a a a a a
[1] T EEE [1] TEN [(M-1] [M-1]
[0] [1] [N-1] [0] [1]




How About This One? . g

* Does this function have good locality with respect to array a”?

int sum_array_cols(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (j = 0; j < N; j++)
for (i = 0; i < M; i++)
sum += a[i][J];
return sum;

d d d d d d d d d
[0] (0] RERE [O] [1] [1] REEN [1] REEE [M-1] [M-1] KEEE [M-1]
[0] [1] [N-1] [0] [1] [N-1] [0] [1] [N-1]




How About This One? . %

* Does this function have good locality with respect to array a”?

int sum_array_cols(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (i = 0; i < M; i++)
sum += a[i][J];

Miss

d d d

d
[0] [1] (1] Rl [1] [M 1] [M 1]
[N-1] [@] [1] [N-1] [0] [1]

[M 1]
[N-1]



How About This One? . ;

* Does this function have good locality with respect to array a”?

int sum_array_cols(int a[M][N]) { [ Hint: Look at the memory
int i, j, sum = @; layout of variable al!

for (1 = 0; 1 < M; i++)
sum += a[i][j];

d a d d
- 1] I v-1] [(m-1] TR [M-1]
[N-1] [0] [1] [N-1]




How About This One? . ;

* Does this function have good locality with respect to array a”?

int sum_array cols(int a[M][N]) {
int i, j, sum = ©;

for (7 = 9; j < N; j++

for (1 =0; i < M; i++)

sum += a[i][j];
return sum;

a d d
e 1] Xl [(m-11 [M-1]
[N-1] [0] [1]

Hint: Look at the memory
layout of variable a!

Answer: No ®

Stride-N
reference pattern

Miss

d
. (M-1]
[N-1]
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Remember Matrix Multie‘!ication

1,2

r
r

b
b22

]
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Matrix Multiplication Example

Multiplying a pair of n x n matrices: C = AB (n=2)

Coo Cor | | Qo0 A4o1 % boo  Dor
L C1o C11 _ _dio dir _ _blo 1911,_
for (1 =0; 1 < n; i++) A
for (j = 0; j < n; j++) {
sum = 0.0;
for (k = 0; k < n; k++)
sum += a[i][k] * b[k][]];
c[i][]J] = sum;
}
}




Matrix Multiplication Exe;emple

Multiplying a pair of n x n matrices: C = AB (n=2)

- as — _— ) —
Coo| Co1 oo Ao % bool bor
 C10 C11 _ d1p d4dir _ _blo 1911,_
—/
— + for (1 = 0; 1 < n; i++)

for (j = 0; J < n; j++) {
sum = 0.0;
for (k = 9; k < n; k++)
sum += *
= sum;




Three Indexes: J, J, k

Coo

e
agy Ao % boo Do
dip dii _ _gblo ‘bll,_
for (1 =0; 1 < n; i++) |
for (j = 0; j < n; j++) {
sum = 0.0;
for (k = 0; k < n; k++)
sum += a[i1][k] * b[k][3]1;
c[1][J] = sum;
}
}




Three Indexes: J, J, k

Coo

> 2
oo doi % boo Dor
digp dir | B by b .
for (1 =0; 1 < n; i++) |
for (1 = 0; j < n; j++) {

sum = 0.0;
for (k = 9; k < n; k++)

sum += a[i][k] * b[k][];
c[1][7]

sum;




S
Three Indexes: J, J, k

%
k
—
Coo Co1 | ;| Qo0 Q4o1 K boo  Dor
Ci1o C11 _ _dio A _ - 010 11 _
for (1 =0; 1 < n; i++) |

for (1 = 0; j < n; j++) {
sum = 0.0;
for (k = 0; k < n; k++)
sum += a[1][k] * b[k][7];
c[i1][7] = sum;




Miss Rate Analysis for Matrix Multiply

k
CooCon | ;|| %00 Don 3k oo bon
. . — . ., - . ‘e
L Cno Cun _ Ay Apn 1 bnO bnn a
Assumption: for (1 =0; 1 < n; i++) A
« Multiply n x n matrices for (7 = 0; J < n; Jj++) {
« Matrix dimension (n) is very large sum = 0.0;
« Matrix elements are doubles (8 bytes) for (k = 0; k < n; k++)
* Block size = 32 bytes (4 doubles) sum += a[i][k] * b[k][1];
c[1][7] = sum;
}
}




* Block (a.k.a., line): unit of copying

Reca p: B I O C k — Several words in cache memory

H Recap: terms

Address (showing bit positions)
31 -+ 1413:--65---210

Memory

s 16 Brings the block

Hit Tag ~ <
| Index ock offset
18 bits 512 bits
v Tag Data

256

e ¢« L e 1 o 1 .1 e entries

L

( Mux




Miss Rate Analysis for Matrix Multiply

k
Coo-Con | ;|| Goo Aon 3k oo bon
RS = R S : .
L Cno Cun _ _Ano Apn _ i bnO bnn 4
Assumption: for (1 =0; 1 < n; i++) A
« Multiply n x n matrices for (1 =0; j < n; Jj++) {
« Matrix dimension (n) is very large sum = 0.9;
« Matrix elements are doubles (8 bytes) for (k = 9; k < n; k++)
* Block size = 32 bytes (4 doubles) sum += a[i1][k] * b[k][];
« Cache is not even big enough to c[1][1] = sum;
hold multiple rows }
}




Three Variants: jjk, jki, kZ;

k

—_—
oo -~ Aon
_anO A pn

k

x

] b00 bOn, ]
_bnO bnn,_
k

}

}

for (k = 0; k < n; k++)

c[1][3] = sum;

€00~ Con
B Cno Cun
k
for (i =0; i < n; i++)
for (7 =0; j < n; j++) {
sum = 0.0;

sum += a[i][k] * b[k][]];

for (j =0; j < n; j++) {
for (k = 0; k < n; k++) {
r = b[k][j];
for (i = 0; i < n; i++)
c[i][j] += a[i][k] * r;

for (k = 0; k < n; k++) {
for (1 =0; i < n; i++) {
r = a[i][k];
for (7 = 0; j < n; j++)
c[i][J] += r * b[k][]];




Three Variants: jjk, jki, kif

They are semantically equivalent.

In terms of the performance, which one is better?

k k k
for (1 =0; 1 < n; i++) | for (7 =0; j < n; j++) { for (k = 0; k < n; k++) {
for (1 =0; J < n; j++) { for (k = 0; k < n; k++) { for (i =0; i < n; i++) {
sum = 0.0; r=blk][]]; r = a[i][k];
for (k = 9; k < n; k++) for (1 =0; 1 < n; i++) for (7 = 0; j < n; j++)

c[i][J] = sum;
}
}

sum += a[i][k] * b[k][]];

c[i][J] += a[i][k] * r;
}
}

c[i][J] += r * b[k][]];
}
}




Three Variants: jjk, jki, kif

They are semantically equivalent.

In terms of the performance, which one is better?

for (1 =0; 1< n; i++) A for (7 =0; j < n; j++) { for (k = 0; k < n; k++) {
for (1 =0; j < n; j++) { for (k = 0; k < n; k++) { for (1 = 9 i< n; i++) {
sum = 0.0; . .

for (k = 0; k < n; k++)
sum += a[i][k] * b[k][]];

for (1 =0; 1 < n; i++)

for (7 = 0; j < n; j++)
c[i][3] += a[i][k] * r;

c[i][J] += r * b[k][]];

We need to analyze the miss
rate for inner loop iterations!




Layout of C Array in Meg‘gory (Review) ;

a d d a d d d

a

a d d
[e] [e] [e] [e] [e] [e] [e] [e] ... [@] (1] ... [1] Kk
[e] [1] [3] [4] [5] [6] [7] [8] [N-1] [0] [N-1]

Stepping through columns in
onhe row:

for (i = 0; i < N; i++)
sum += a[0][1i]



Layout of C Array in Meg‘gory ;

a d d a d d d d

a
[e] [e] [e] [e] [e] [e] [e] [e] ... [@]
[e] [1] [3] [4] [5] [6] [7] [8] [N-1]

Stepping through columns in
onhe row:

for ( 1 =0; 1 < N; i++) « Hit: data requested is in the upper level
. — Hit ratio: hits/accesses
sum += a[0@][1]

* Miss: data requested is not in the upper level
— Block copied from lower level
—Miss penalty: time taken to resolve miss
— Miss ratio: misses/accesses
=1 — hit ratio

Terms



Layout of C Array in Memor ;

nory

a d d a d d d d

a
[e] [e] [e] [e] [e] [e] [e] [e] ... [@]

(el [1] [3] [4] [5] [6] [7] [8] [N-1]

1 miss

« Steppiag through columns in

for (1 N9 ; 1 < N; i++) - Hit: data requested is in the upper level

sum += 23 [@ ] [ 1 ] — Hit ratio: hits/accesses

* Miss: data requested is not in the upper level
— Block copied from lower level
—Miss penalty: time taken to resolve miss
— Miss ratio: misses/accesses
=1 — hit ratio

Terms



Layout of C Array in Memor ;

nory

a a d d a d d d d
[e] [e] [e] [e] [e] [e] [e] [e] ... [@]
(el [11 [3] [4] [5] [6] [7] [8] [N-1]

1 miss, 3 hits

rough columns in

for (1 =N; 1 < N; i++) - Hit: data requested is in the upper level

sum += 23 [@ ] [ 1 ] — Hit ratio: hits/accesses

* Miss: data requested is not in the upper level
— Block copied from lower level
—Miss penalty: time taken to resolve miss
— Miss ratio: misses/accesses
=1 — hit ratio

Terms



Layout of C Array in Memor ;

nory

a a d d a d d d d
[e] [e] [e] [e] [e] [e] [e] [e] ... [@]
[e] [1] [3] [4] [5] [6] [7] [8]

Stepping through columns in
onhe row:

for (1
sum += a[0][1i]

 Hit: data requested is in the upper level
— Hit ratio: hits/accesses

Il
-
=
N
=
-
H.
+
+
~’

* Miss: data requested is not in the upper level
— Block copied from lower level
—Miss penalty: time taken to resolve miss
— Miss ratio: misses/accesses
=1 — hit ratio

Terms



Layout of C Array in Memor g

nory

a a d d a d d d d
[e] [e] [e] [e] [e] [e] [e] [e] ... [@]
(o] [1] [3] [4] [5] [6] [7] I8] [N-1]

one row:
for (1 ;
sum += a[0][1i]

1 miss, 3 hits
Stepping thr olumns in
1

< N; i++) « Hit: data requested is in the upper level

— Hit ratio: hits/accesses

* Miss: data requested is not in the upper level
— Block copied from lower level
—Miss penalty: time taken to resolve miss
— Miss ratio: misses/accesses
=1 — hit ratio

Terms



H

d
[1]
[0]

1 QIESHER « Block size = 32 bytes
olumns in * sizeof(a;) = 8 bytes

Layout of C Array in Memory ;

» Stepping thrpug
one row. /
for ( 1 =41 < N; j_++) - Hit; data requested is in the upper level
— Hit ratio: hits/accesses

sum += a[0][1i]
* Miss: data requested is not in the upper level

If block size > sizeof(a;) bytes, .
@ — Block copied from lower level
eXpIOIt Spatlal Iocallty — Miss penalty: time taken to resolve miss
— Miss ratio: misses/accesses
miss rate = S|zeof(au) / block size = 1 — hit ratio

=1/4=0.25 Terms



Layout of C Array in Memory ;

H

d
[1]
[0]

Stepping through rows in one
column:

for (i = 9; 1 < M; i++)
sum += a[i][0];

« Stepping through columns in
one row:

for (i = ©0; 1 < N; i++)
sum += a[0][1i]

If block size > sizeof(a;) bytes,
exploit spatial locality @

miss rate = S|zeof(au) / block size
=1/4=0.25



Layout of C Array in Memory g

| ¥

miss miss miss
« Stepping through columns+ !« Stepping through rows in one
one row: olumn:

for~dA\9, 1 < M; 1i++)
sum += a[i][0];

for (i = ©0; 1 < N; i++)
sum += a[0][1i]

If block size > sizeof(a;) bytes,
exploit spatial locality @

miss rate = S|zeof(au) / block size
=1/4=0.25



Layout of C Array in Memory ;

| X
miss miss miss
« Stepping through columns+ !« Stepping through rows in one
one row: olumn:
for (i = 0; i < N; i++) fo L A\G; 1 < M; i++)

sum += a[i][0];

Accesses distant elements:
no spatial locality ®

sum += a[0][1i]

If block size > sizeof(a;) bytes,
exploit spatial locality @

miss rate = S|zeof(au) / block size miss rate = 1 (i.e. 100%)

=1/4=0.25



Three Variants: jjk, jki, kif

They are semantically equivalent.

In terms of the performance, which one is better?

for (1 =0; 1< n; i++) A for (7 =0; j < n; j++) { for (k = 0; k < n; k++) {
for (1 =0; j < n; j++) { for (k = 0; k < n; k++) { for (1 = 9 i< n; i++) {
sum = 0.0; . .

for (k = 0; k < n; k++)
sum += a[i][k] * b[k][]];

for (1 =0; 1 < n; i++)

for (7 = 0; j < n; j++)
c[i][3] += a[i][k] * r;

c[i][J] += r * b[k][]];

We need to analyze the miss
rate for inner loop iterations!




Matrix Multiplication ( /;)

for (i = 0; i < n; i++) { Inner loop:
for (1 =0; j < n; j++) { x
0.0 (*,J)
— , | (i)
|
B C
}
* Miss rate for inner loop iterations: Row-wise  Column-  Fixed
-A:0.25 wise
-B: 1.0

-C:0.0



Matrix Multiplication (/4/)

for (1 = @; j < n; j++) { Inner loop:
for (k = 0; k < n; k++) { (*,k) ("))
' k.j)
H
B C
}
Column- Fixed Column-
» Miss rate for inner loop iterations: wise wise
-A: 1.0
-B: 0.0

-C:1.0



Matrix Multiplication (k& *)

for (k = 0; k < n; k++) { Inner loop:

for (1 =0; 1 < n; i++) {
L1k (i h| (k,*) F
B C

(i,")

Fixed Row-wise Row-wise
» Miss rate for inner loop iterations:

-A: 0.0
-B: 0.25
-C:0.25



Matrix Multiplication (k& *) ;

for (k = 0; k < n; k++) { Inner loop:
for (1 =0; 1 < n; i++) {

» Miss rate for inner loop iterations:

-A: 0.0 To maximize spatial locality,

-B: 0.25 access data with stride 1!
-C:0.25




.
Summary of Matrix Multiplication

k (& //k): ki (& kii): kil (& /k)):
» 2 loads, O stores « 2 loads, 1 store « 2 loads, 1 store
* avg misses/iter = 1.25 « avg misses/iter = 2.0 « avg misses/iter = 0.5
k k k
for (1 =0; 1< n; i++) A for (j =0; j < n; j++) { for (k = 0; k < n; k++) {
for (1 = 0; j < n; j++) { for (k = 0; k < n; k++) { for ( = @, i< n; i++) {

= 0; 1< n; i++) for (j = 0; j < n; j++)
c[i][3] += a[i][k] * r; c[i][3] += r * b[k][]];




Core i7 Matrix Multiply I;erformance ;

m A ARE

% fki
-+ Kji
- Ijk
-0 Jik
—— Kij
= jKf

Cycles per inner-loop iteration

>

il

i

50 100 150 200 250 300 350 400 450 500 550 600 650 700

Array size (n)




...
Cache Summary

« Cache memories can have significant performance impact

* You can write your programs to exploit this!

— Focus on the inner loops, where bulk of computations and memory
accesses occur

- Try to maximize spatial locality by reading data objects sequentially
with stride 1

- Try to maximize temporal locality by using a data object as often as
possible once it's read from memory




Question?
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